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ABSTRACT: Polydisperse solutions of polymers, formed by a reversible polymerization process, are studied
by computer simulation. The system is described by a stepwise elongation and contraction process which
is based on adding (or deleting) one link to a chain end. In such a process, cyclic polymers cannot be formed.
The growth of a polymer is controlled by two chemical potentials that determine the number of polymers
and their length and, hence, the concentration of the system. Such a reversible polymerization process can
be described by a magnetic analog of the n-vector model. Thus, this system can be used to emphasize the
correspondence between polymer models and critical magnetic models. The entire phasespace of concentrations
of a polydisperse solution is studied. We describe the long range of validity of the semidilute regime, in which
the polymer chains are only slightly overlapping. Our results also indicate that, basically, a polydisperse
solution shows the same behavior as a monodisperse one. Inthe limit of dense chains, we study the hypothesis
that the system is controlled by one “infinite” chain that leads to a transition toward a collapsed phase. We
performed several studies in this regime and found no evidence for an infinite chain nor for a collapsed phase.

I. Introduction

There are a number of systems in which polymerization
is believed to take place under conditions of chemical
equilibrium between the polymers and their respective
monomers. If the polymerization requires the presence
of an initiator and commences in a defined direction, the
polymers constructed are open chains, and the system does
not contain rings. Examples include the polymerization
of “living polymers”,! such as poly-a-methylstyrene and
polytetrahydrofuran, which, under appropriate conditions,
create long linear polymer-like micelles. A cylindrical
microemulsion composed of water, oil, and surfactant,
under certain conditions, can also form such a polymer-
like phase.? This phenomenon is also found in some
biological systems, such as actin and tubulin, which
polymerize from protein subunits to form the skeleton of
a living cell.?

Our understanding of the statistical mechanics of such
systems comes, to a large extent, from the study of simple,
idealized models of interacting chains. One of the widely
studied models was derived from the n-vector model of
magnetism. The formal analogy between polymers and
magnetic systems was first pointed out by de Gennes,*
who made the remarkable observation that the properties
of a self-avoiding walk (SAW) can be mapped onto the n
— 0 limit of an n-component field theory. The idea was
further extended by des Cloizeaux,’ to describe polymers
in a solution. In equilibrium, the polymers are polydis-
persed, with a wide chain length distribution that is
controlled by two fugacities. The phase space of concen-
tration, which is spanned by these two fugacities, can be
crudely divided into three regions.

(1) The dilute region, in which the chains do not interact,
can be regarded as a grandcanonical distribution of a single
SAW. This observation was verified by both theoretical®’
and numerical studies.?

(2) In the semidilute regime, it is interesting to compare
the properties of a polydisperse system with those of a
monodisperse one. Using ¢ expansion calculations, Schifer
et al.? concluded that qualitative properties (i.e. critical
exponents) are not influenced by polydispersity. However,
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Figure 1. A two-dimensional scheme of a sample configuration
of the SEC process on a portion of the square lattice. The filled
circles represennt active chain ends.

quantitative results, such as scaling functions, are influ-
enced.

(3) In the dense chains limit, where screening effects
cause the chains to become ideal, the system resembles a
polymer melt.”1 This observation was questioned by
Gujrati® who has developed a direct scaling approach to
describe polydispersity. His approach has made a unique
contribution to the high concentrations limit. In contra-
diction to other studies,”® Gujrati argued that, below a
certain line in the system’s phase diagram, the polymers
are collapsed, and the system forms a new phase. This
theory predicts the existence of an “infinite” chain, for
which new scaling relations can be derived. In order to
establish which of the above predictions provides a better
description for the dense phase of a polydisperse solution,
direct numerical techniques, such as computer simulation,
are required.

We present here an efficient simulation technigue for
studying the reversible polymerizing system, which is
defined by a grand function with two fugacities. This
technique can be regarded as a direct extension of two
methods: the stepwise dynamics of critical Ising clusters!!
and the Berretti and Sokal algorithm, which was confined
to the problem of a single SAW.8 Qur techniqueis capable
of simulating the entire phase space spanned by the two
fugacities, which corresponds to a large range of concen-
trations.

© 1994 American Chemical Society
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II. The Stepwise Elongation and Contraction
Method

The proposed method is a dynamical Monte Carlo
process for a solution of polymer chains. The chains
undergo a stepwise elongation and contraction (SEC) with
a fugacity, A, for adding (or deleting) a chain-end link.
The number of chains in the system is controlled by another
fugacity, 5, for chainends. Inthis processagrand canonical
ensemble of chain lengths is formed. A representative
configuration of the SEC procedure is shown in Figure 1.

Since the SEC process is conducted over chain ends
only, it follows that a chain cannot break in the middle
and, also, that two chains cannot aggregate. Therefore,
no rings are formed. Moreover, since the polymerization
requires an initiator, we assume that only one end of each
chain is an active tip, from which the chain is growing and
contracting. Thus, the partition function of the system
is given by

© ©
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where U, is the number of ways to arrange p different
SAWs of total number of links ! on a lattice of Ngsites (N,
which is the volume of the system, is kept fixed).

The concentration of links ®; (=I/Ny), and that of
polymers &, (= p/Ny), can be defined using the standard
relation between concentrations and activities
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and the averaged polymer length is
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Equation 1 resembles the partition function of the n = 0
vector model with external magnetic field H. In this
analogy, H = n!/2 and J = A (J is the nearest-neighbor
coupling constant). Since Z cannot be solved directly, it
is useful to consider the magnetic analog, for which it is
possible to obtain!213

@l = fdv_lfl(x) (5)
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where d is the dimensionality of the system, x = M/éf (M
is the magnetization), » and 8 are the standard critical
exponents, and ¢ = (T, - T)/T..

In this analogy T < A.. Thus, it is possible to define
the approach toward the critical limit as

A=A
)
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For A > A\ (T < T,), we will use l¢. The critical value of
the reversible polymerization system is obtained for A, =
1/u, where u is the effective coordination number of the
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lattice. Inthislimit,the growthof aninfinitelylarge chain
is exactly in balance with the excluded volume restriction.

The stochastic algorithm is described as follows. We
start from an empty lattice filled with “solvent” monomers.
At each Monte Carlo (MC) step, either a dimer is formed
from two adjacent monomers or a monomer is added or
deleted from a chain end. The transition probabilities
are

- U
A n,
P(N—-N+1) =28 ¢
( ) 1+z>\(ndn+ne)
n
P(N—N-1) = — e ©)

1+4+2) (ngn+n,)

where P, is the probability to form a dimer, nq is the
number of empty locations, n. is the number of chain ends,
and z is the coordination number of the lattice. Arandom
number is chosen between zero and one and is compared
to the transition probabilities of eq 9, where three
possibilities can occur: (1) If the random number is less
than P4, a random site is chosen from the list nq, and a new
dimer, which starts a new chain, is located. (2) If the
random number is larger than P4 but less then the sum
Py + P(N—N+1), one chain end is chosen from the list
ne and a direction is chosen at random and checked for
self-avoidance; if it is self-intersecting, then the attempted
move is rejected, and the old configuration is counted again
in the sample. If the self-restriction is obeyed, a new link
is added to the chain. (3) Since the probabilities of eq 9
are normalized to one, the last possibility is to remove one
link from one of the chains. Such a chain is chosen at
random from the n, list, and the last link at the end of the
chain is removed. If the chain chosen consists of a single
link, the chain is discarded from the lattice.

This SEC algorithm resembles that of Bereti and Sokal
(BS), which was suggested for a single SAW.8 Similarly
to the BS algorithm, the SEC algorithm is ergodic; i.e. it
is possible to obtain any configuration w’ from any w by
a finite sequence of allowed moves. This can be easily
shown. One simply uses the N — N - 1 moves to remove
all the chains of configuration w and then uses the N —
N + 1 moves to build up step-by-step the configuration
w.

Our SEC process is, crudely speaking, a random walk
process, and the average time required to go from a walk
of N monomers to a one monomer walk is of order N2, But
each time the one monomer walk is reached, all memory
of the past is lost, and future walks are then independent
of the past ones. Thus, in order to obtain an uncorrelated
configuration, one has to make r ~ (N)2 MC steps. The
thermodynamic limit is obtained for ¢ — 0 which causes
{N) — «=. However, for small ¢, 7 also becomes infinite,
which makes the simulation inefficient.

III. Results and Discussion

The SEC algorithm is performed in two systems: a two-
dimensional (2d) and a 3-dimensional (3d) system which
were simulated by the square lattice and the cubic lattice,
respectively. Periodic boundary conditions were assumed
in most of the calculations, except for the first test, where
we were interested in finite size effects due to the lattice
“walls” and used reflecting boundary conditions.
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Figure 2. log-log plot of the deviation from u vs the lattice size
L. The data scales in agreement with eq 12.

In order to obtain a polymer system in the thermody-
namic limit (long chains), we chose 7 << A\. The control
over the two fugacities produces a solution of variable
concentrations. The dilute limit is defined for A < X,
(with A.(3d) = 0.213 and A.(2d) = 0.379), while for A > A,
the chains are mutually interacting. In each of these
concentration regimes, we performed a separate MC
experiment. A single experiment starts from an empty
lattice, and the first 106 MC moves are not counted. Then,
an additional 108 MC moves are performed, with three
iteration in between. In order to establish the number of
MC moves needed to equilibrate the system, we carried
out a test run. In this test, we started from a lattice filled
with rod-like polymers, with &, of =0.35, which is the
highest concentration studied, and the system was allowed
to equilibrate. This test system was compared to another
system, in which the starting configuration was an empty
lattice, and we chose A and % which produce =0.35 link
density. Wecounted the number of configurations needed
in order that the two runs will produce the same “equi-
librium” behavior. This number was used for simulations
of lower concentrations as well, although a lower concen-
tration needs fewer MC moves in order to reach equilib-
rium.

A, Finite Size Effects. In a finite system, the size of
the chains constructed cannot exceed the lattice size. Thus,
the average number of segments in each chain is propor-
tional to L, the linear size of the lattice. The effective
coordination number of the lattice, u(L), is less than the
asymptotic value 4. In the dilute limit where A < A, for
n — 0, effectively only a single chain is simulated, and
finite size effects due to the lattice “walls” are important.
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We define an excluded volume interaction between
monomers of the chain and the “walls” of the lattice, and
we control A, such that PON—N+1) is sufficiently large to
overcome the excess excluded volume and to obey re-
versibility:

P(N—N-1) = PIN—N+1)[1 - b(L)] (10)
where b(L) is the average excluded volume per site in a
lattice of size L. Using eq 9, u(L) is obtained by

uw(l) = 2[1 - b(L)] (11)
which should scale as
= <
wily = [ 1 Ly] (12)

In Figure 2 we have plotted [u - u(L)] vs L on a log-log
scale, and from the slopes the scaling exponent y = 1.7 is
obtained, in both 2d and 3d systems. Due to this large v,
for lattice sizes larger than L = 100, the asymptotic behavior
of an unrestricted SAW is already obtained. The estima-
tion of x provides a check for finite size effects due to the
lattice.

A direct measure of the configuration of the polymers
is the average squared radius of gyration, (Rg?), and the
average number of segments in a polymer, (N}, as functions
of L. Using a standard summation method for critical
clusters,!* we calculate

R *N?
(R} = Z;’ -

where NV; is the number of monomers of the ith cluster, Ry,
is the cluster gyration radius, and the summation s carried
over all the clusters in the lattice. The brackets { )
represent a statistical mean over all sample configurations.

Similarly,
<N> - 13 13
ZiN i

In this study, we are using periodic boundary conditions,
A =X, and avery smallq. Thus, on average, asingle chain
is constructed. If a chain had been constructed on an
infinite lattice, using the asymptotic value A, we would
have expected that (N) would go to infinity and we would
obtain the behavior of a SAW. Here, however, the chain
growth is controlled by the limited volume of the lattice.
Therefore, we still expect a SAW behavior, with agyration

(13)

(14)
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Figure 3. log-log plots of (N) and (R;?) vs L. The filled and open circles denote data for 2d and 3d, respectively. Here, n = 10-13

and ¢ = 0 (i.e. A = Ap).
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Figure 4. log-log plot of (N) and (R;?) vs e. The data were obtained for the region A < A; with n = 10-13,

radius on the order of the lattice size. It can be seen from
Figure 3 that (R,?) and (N) scale with the lattice size L,
with the following scaling exponents:

2d 3d
(Rg) ~ L (N) ~ L1%
(R,) ~ L0981 (N) ~ L156

which gives, respectively
(N) ~(R)™™ for 2d

(N) ~ (R)'™ for 3d (15)
The exponents from eq 15 can be compared with 1/» of a
SAW: 1/»(2d) = 1.33 and 1/»(3d) = 1.69, which are in a
good agreement with our results. This means, that the
chains, produced with )\, in a restricted geometry, are
SAWs, as we would have expected. Our results imply,
that in a reversible polymerization process, it is possible
to control the polymerization index (V), and the size of
constructed polymers, by imposing a restricted geometry.
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B. The Dilute Regime: A <)\, For A <A, the system
isadilute solution of polymers, in which the polymer chains
do not interact with each other, and they can be treated
as single SAWSs. Using the analogy between the polydis-
perse polymer solution and the magnetic system,!213 this
region is analogous to the high-temperature expansion of
the magnetic system, where N is proportional to ¢! and
the magnetization is proportional to the external magnetic
field. By inserting these conditions into egqs 5-7, the
following relations are obtained!%15

&, ="y (16)
$,=¢y a7
(N) ~ ¢t (18)

where v is the free energy critical exponent. Since the
chains do not mutually interact, it is sufficient to study
a single chain. Therefore, we still keep 7 = 1013, which
on the average produces a single chain. Here, however,
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Figure 5. log-log plots of &;, dz,, (N), and (Rg?) vs ¢. The filled and open circles denote data for 2d and 3d, respectively. Here L

= 700 in the square lattice and
are given in Table 1.

= 100 in the cubic lattice. n = 10-% in both lattices. The slopes which are indicated in each graph,
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Figure 6. log-log plots of &, ®,, (N), and (Rg?) vs n. ¢ = 0. The filled and open circles denote data for 2d and 3d, respectively. The
values of L = 400 and A. = 0.379 were used in the 2d system, and L = 100 and A, = 0.2135 in the 3d system. The slopes are indicated

on the graphs and summarized in Table 2.

Table 1. (a) Slopes of the Graphs Shown in Figure 5 for 2d
and 3d and (b) Theoretical Predictions for These Slopes

(N) (Rg® & &,
2d (a) -0.85 -1.29 -~1.98 -1.07
(by -1 -1.50 -2.34 -1.34
3d (a) -0.86 -1.04 -1.81 ~0.95
by -1 -1.18 -2.16 -1.16
theoretical -1 -2v -(y+1) -y

slope relations®

¢ The theoretical slopes listed for (b) were obtained from these
relations (see eqs 16-18).

we want the average length, (N), of this chain to be
determined by A via € (and not by the lattice limited volume
as before). Therefore, we must not use too small an ¢, for
which the lattice boundaries are noticeable. In 2d we can
easily use L = 700 and a large range for ¢ (from 0.1 to 10-%),
but for the 3d lattice, we are limited to L = 100. Thus we
must use ¢ > 0.005. In Figure 4, the averages (N) and
(R,?) are log-log plotted as functions of ¢. The behavior
of (N) ~ ¢l is well observed. Therefore, the scaling
relation of eq 18 is obeyed for both 2d and 3d lattices.
Also, the expected behavior of (R,?) ~ ¢ is nicely shown,
with the known exponents of a SAW [¢(2d) = 0.75 and
v(3d) = 0.588]. Our results confirm the analogy between
N-1of an open linear polymer and an ¢ of a critical system.
This analogy has been predicted formally, but has never
been seen in simulations or experiments until now.
Next, we studied higher values of 5, where many polymer
chains are constructed. For n = 10-5, we measured (N),
(Rg?), ®;, and &, as functions of ¢, and the data are
presented in Figure 5. It can be seen from the figure that
for small ¢ the graphs reach a plateau, which is the typical
behavior of the semidilute regime, where (N), (R2), &,
and &, are independent of ¢ (the semidilute regime will
be further described in section III.C). The reason for the
crossover behavior hecomes clear if we note the small values

of (N)inthese data (N <50). Since a finite system which
does not reach the thermodynamic limit approaches the
critical point sooner than a thermodynamically infinite
system, the critical region is wider in a finite system. This
phenomena is also observed here. That is, the plateaus
obtained in each graph of Figure 5 indicate that the system
behaves as if it is already at ¢ = 0. The slopes of these
graphs are summarized in Table 1. The results show a
significant deviation from the expected behavior of a dilute
solution, which a pronounced contribution from the
semidilute regime. Thus, this region of 7 > 0 and A < A,
isa crossover regime between the dilute and the semidilute
regimes. This behavior is therefore more noticeable for
very small values of e.

In order to obtain the asymptotic values of » and v, the
system should contain many chains which do not touch
each other, and each of these chains should be long enough
that the thermodynamic limit is reached. In order to
achieve this condition, much larger lattices should be used,
which is impractical even with supercomputers.

C. The Semi-Dilute Regime: A\ = A\, (¢ = 0). At the
transition point, T = T.and ¢ = 0. Thus, all e dependence
should disappear from the relations of eqs 5 and 6, which
require f5(x) ~ x%/f and fi(x) ~ x@-1/8 and give

&, ~ pld-1/24 (19)
@p ~ 7Idu/ZA (20)
(N) ~ qt/28 (21

where A is the gap exponent A = y + 8. Using our SEC
procedure, these theoretical relations can be confirmed,
and values of critical exponents can be calculated. In
Figure 6, we present &, ®,, (N), and (R,?) as functions
of n, where ¢ = 0. The slopes of the graphs are summarized
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Table 2. Slopes of the Graphs Shown in Figure 6 for 2d

and 3d
(N) (Rgz) & q’p
2d -0.35 -0.52 0.17 0.52
ad —0.34 -0.40 0.26 0.60
theoretical -1/2A -v/A (dv-1)/2A dv/2A

slope relations®

¢ The theoretical predictionns of eqs 19-21 are denoted. From
these slopes, the value of » and A are obtained.

in Table 2, and the following values for »and A are obtained:

v(2d) = 0.75 £ 0.01 »(3d) = 0.59 £ 0.02 (22)

A(2d) = 1.44 £ 0.02 A(3d) =1.48£0.02 (23)

The values of v obtained from our simulation are in a good
agreement with known values of the SAW model, and we
also provide values for the gap exponent A. Using a
standard scaling relation, other exponents can also be
estimated:

2d 3d
B=dv-A 0.06  0.03 0.29 & 0.03
y=A-8 1.38 £ 0.05 1.19 £ 0.05

These results agree well with the known exponents of the
SAW model (3(2d) = 0.078, v(2d) = 1.34371€ and B(3d) =
0.30, v(3d) = 1.16217),

An alternative, more “polymeric” representation of the
system obtained with A; and n > 0 is to observe the scaling
relations of (N) and (Rg?) as functions of the averaged
concentration ®;. These data are presented in Figure 7,
which provide the following scaling relation:

2d 3d

(R‘2) ~ q;.l—2.98 (N) ~ q)l—l.ss
(Rg¥) ~ 149 (N) ~ &L

It is interesting to compare our results with the scaling
relation derived by de Gennes'® to described a many chain
system at ®;*, the overlap threshold concentration. At
this concentration the polymers are just starting to feel
each other, thus, ®* is comparable with the local con-
centration inside a single polymer and is given by

o ~ % ~ NI (24)

from which the following relations are obtained
2d 3d

R2 ~ q,,*-a N~ q,l*_z
R2 ~ q,l*-a/z N~ ‘171*'5/4

As can be expected, from this comparison we conclude
that a reversible growth of polymers with A, produces a
system at the overlap threshold concentration &;*, since
the chains grow until the point at which they start to
overlap. This is consistent with the process of reversible
polymerization in a finite box shown before (see Figure 3).
There also, the polymers grow until they reach the walls
of the box. To best of our knowledge, this is the first time
that a system of “blobs” at the overlap threshold con-
centration has been constructed. Our system reveals a
scaling behavior which precisely agrees with the scaling
predictions of de Gennes.

D. The Dense Chain Regime: A>\.. We were mainly
concerned with the dense chain regime, since it is most
controversial and very difficult to simulate. Using our
SEC method, we were able to efficiently simulate solutions
of up to =~0.35 link density. Such a high concentration
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should already reveal the properties of a dense solution,
provided that the chains are long enough. Therefore, we
can test theoretical predictions for the dense chain limit.

The low temperature limit of the n — 0 vector model
corresponds to solutions of high concentration. In this
limit, the density of links is not influenced by 5. Thus,
we should require fi;(x) ~ const. and obtain

él ~ E(dv—l) (25)

The density of polymers should scale like the magnetiza-
tion. Thus, fi(x) ~ x° and

&, ~ &'l (26)
Therefore,

(N) ~ @iyl @7)

In order to understand this last relation, let us refer again
to de Gennes’ description of many chain solutions.!® For
asystem of mutually interacting chains, de Gennes defines
a correlation length (£) as a characteristic length in which
a certain part of a polymer chain does not interact with
other chains. £ can be regarded as the average mesh size
of the polymer network, and the entire solution consists
of blobs of size £. Inside a blob the polymer should behave
as a SAW, while for distances longer than £, the polymer
should be ideal. Thus, we expect the scaling relation of

tE~¢g (28)

where g is the number of segments inside a blob. Then

@ = f,; =g (29)
Now, if we compare eq 29 with eq 25, which is obtained

from the magnetic analogy, we conclude that in the region
T<T,

g~ et (30)

Therefore, in the dense chain regime, the appropriate
analog of ¢! is a small portion of the chain g, which scales
with £ of the polymer solution in the same way as the
correlation length of the magnetic system scales with L.
However, we must point out that de Gennes’s description
for a many chainsolution does not consider polydispersity;
thus, it is still interesting to see if the same behavior is also
observed in our polydisperse system.

According to Gujrati,'319 the n — 0 vector model at low
temperatures has some singularities which may signal a
phase transition line in the 5 - A plane (see Figure 8). If
so, the dense polymer phase must be studied directly,
without recourse to the magnetic analogy. Gujrati has
developed a scaling theory of polydispersity which predicts
the existence of an “infinite” chain. This chain appears
at n*, which is defined along the line n* = €24, Below this
line the chains are supposed to be collapsed, and an infinite
chain is formed (see Figure 8). Therefore, for n < #* the
link density ®;is composed of two separate contributions:
a contribution from the infinite chain

® - 1/2-1/v)
o ~ @ [1- (2] (31)
and from finite chains

q)lr ~ SAF/1/20-1/7) (32)
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Figure 7. log-log plots of (N) and (R,?) vs ®. Here, ¢ = 0 and 7 is in the range 10-2-10-%.

e=0, A, A>A e=0.1
Figure 8. A subsection of the phase diagram of the n—A plane
(according to Gujrati,!3 the line n* = ¢?4 is indicated). The lines
y and x represent measurements with fixed ¢ and fixed 7,
respectively.

In order to test Gujrati’s hypothesis, we also performed
the simulation in two regions, below and above the line n*
= 28, The value of the exponent A is determined from
the results of our simulation in the region A = .. During
the simulation, the longest chain of each configuration
wasidentified, and separate data were collected from those
chains. We believe that if there exists an infinite chain,
its properties will be revealed from the behavior of the
largest chains constructed in the simulation. Typical
graphs, which are obtained from simulations in the region
n> n*, are given in Figure 9. It can be seen from the figure
that the system’s behavior is essentially the same as for
the semidilute regime, where ®;, ®,, and also (N) and
(Rg?) are not dependent on e. Therefore, the semidilute
regime is actually wider than the ®* value alone, and
contains the entire region above the line n* = 24, Recall
that a similar crossover toward the semidilute regime has
also been observed for A < A, where in Figure 5 the low
values of ¢ deviate from straight lines and the curves

reach a plateau. This means that the process of formation
of chains made of many blobs does not happen at a definite
critical value of the concentration, but rather, there is a
large range of concentrations in which a polymer chain
consists of a single blob and only slightly senses the
surrounding chains.

Our results for the region n < n*, reveal a clearly different
behavior from the above. The simplest case is where n —
0 and a single chain is constructed. As we have shown
previously, for A < A, the chain is an isolated SAW. If A
is increased above its critical value, the probability of
growth is increased (according to eq 9) and overcompen-
sates for the excluded volume restriction of the chain. As
a result, the chain grows and fills an increasing number
of lattice sites. Therefore, the fractal dimension of the
chain will grow accordingly, from df of a SAW to 2 of a
RW, and finally, for very large values of A, to 1/d of a
collapsed configuration. In this last limit, the chain will
cover most of the lattice sites. It should be pointed out,
however, that in the 2d case, the fractal dimension of a
RW is the same as that of a collapsed chain and is equal
to 2. Thus, 2d chains cannot interpenetrate.

In order to characterize this behavior in our system, we
measured inner distances, R, along the chain, and plotted
them vs N onalog-logscale. ThedatainFigure 10indicate
a clear transition along the chain, from a swollen SAW
configuration to an ideal RW. In comparison, the radius
of gyration, R,?, is measured over the whole chain and, in
the 2d system, shows a crossover exponent between the
swollen and the ideal limits. Inthe 3d case, furtherincrease
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Figure 9. log-log plots of (Rg?), (N), &, and &

as functions of ¢. 7 = 10~ in both 2d and 3d systems, and the values of ¢ are chosen

to be above the line n* = €24, thus, ¢ < 10-%/4, FI‘he lattice size is L = 400 and L = 50 for a 2d and a 3d system, respectively.
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respectively.
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Figure 11. log-log plots of inner distances R? as a function of N in a 3d system, with n = 10-13 and L = 20. Under these conditions
a single chain is constructed. The slopes of the graphs are all equal to unity; thus, a collapsed configuration is not observed. The
parameters of the graphs are (a) ¢ = 0.4, A = 0.299, &, = 0.365, {N) = 2900; (b) e = 0.7, A = 0.363, &, = 0.485, (N) = 3880; (c) ¢ = 4.5,

A= 1174, & = 0.664, (N) = 5300.

of eshould cause the chain to become even more condensed;
thus, d¢! should decrease from /5 to 1/3. However, in
periodic lattice conditions, the end-to-end distance of the
chain is measured as if the chain were growing on a bigger
lattice. Therefore, as the chain enters the other side of
thelattice and starts feeling an excluded volume restriction
from its own segments, it causes the chain to become ideal.
Thus, although a single chain covers the entire lattice, the
system resembles a melt of entangled polymers. This

behavior is observed in our simulation. It can be seen
from Figure 11 that even for very large values of ¢, the
chain remains ideal and does not collapse. These results
should be compared with Mansfield’s results for a 3d
polydisperse melt of polymers,?® where dy! = 0.51 and not
dsl =1/4, as for an ideal chain. However, his (N} was not
larger than 512 segments. Thus, we believe that our result
for (N) = 1250, provides a better description of the
thermodynamic limit.
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Figure 12. log-log plots of &;, &, ;°, and &, as functions of ¢. n = 10~7 in both 2d and 3d systems, and the values of ¢ are chosen
to be below the line n* = ¢23; thus, e > 10-7/24, The lattice size is L = 400 and L = 40 for a 2d and a 3d system, respectively.
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Table 3. (a) Slopes of the Graphs of Figure 12 for 2d and
3d and (b) the Theoretical Predictions for These Slopes

Table 4. (a) Slopes of the Graphs of Figure 13 for 2d and
3d and (b) Theoretical Predictions for These Slopes

i &f - %, & of 1-(@~/®) &
2d (a) 0.48 0.49 0.19 0.09 2d (a) 0.02 0.01 0.02 0.49
(b) 1y 0.136 1/, 0.08 b 0 0.128 0.128 g
3d (a) 0.70 0.72 0.30 0.29 ad (a) 0.03 0.005 0.03 0.49
(b) 0.77 0.56 0.77 0.30 (b) 0 0.07 0.07 1y

theoretical dv-1 B(+1/y) dv-1 8 theoretical 0 Yol —-1/y)  Yo(l1-1/%) Y

slope relations®

a The theoretical slopes listed for (b) were obtained from these
relations (see eqs 25, 26, 31, and 32).

The following step was to search for a collapsed phase
above n = 0, where more than a single chain is constructed.
In this region, we were also interested in confirming eqs
25-27 and testing Gujrati’s predictions of eqs 31 and 32.
In order to study the ¢ dependence of the density of links
and of polymers, n was kept fixed and ¢ was varied but
kept below the line n* = ¢22 (see path x in Figure 8). Since
n* varies as €, there is only a limited number of ¢ values
which can be studied.

InFigure 12 we present the data from a study performed
along the x path (Figure 8). Results from the slopes of the
graphs and comparison with eqs 25, 26, 31, and 32 are
summarized in Table 3. Although only a limited number
of ¢ values could be used in this region, our results for &,
and &, are in a reasonable agreement with the values of
a SAW, which are to be expected from the n = 0 vector
model. From Table 3 we also see that the slopes obtained
for ®fand ®;~ as functions of e are far from those predicted
by Gujrati. Therefore we conclude that finite chains, not

(a)
103
<N> ] 0.42
. 035
2
10 T T l||lT" T T lll\'Yll T IR RARL
1073 102 10! 10°
€

slope relations®

@ The theoretical slopes listed for (b) were obtained from these
relations (see eqs 25, 26, 32, and 33).

an infinite chain, if one exists at all, dictate the behavior
of &;.

The other direction of study is along the y path of the
phase diagram (see Figure 8), where ¢ is kept fixed and 74
is varied. The n dependence of & cannot be shown
directly from eq 31; thus, we divide eq 31 by eq 25, in order
to study the following relation:

1- LI /201 (33)
¢

The results are presented in Figure 13 and the slopes of
the graphs are summarized in Table 4, together with the
theoretical predictions. The agreement is good for ®; and
®,. As for &f and (1 - ($;°/®y)), since the value of 1/5(1
- 1/4) is very close to zero (in both 2d and 3d systems),
Gujrati’s prediction could not be ruled out in this case.

In addition to the results for the concentrations, the
average chain length (N) was also measured and presented

(b)
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Figure 14. log-log plots of (N) (a) as a function of e with n = 10-5 and (b) as a function of n with ¢ = 0.1. The filled and open circles

denote data for 2d and 3d, respectively.
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are denoted on the figure.

in Figure 14. The slopes from the graphs of Figure 14
should be compared with the theoretical predictions of eq
27. From Figure 14b the expected slope of /5 is ap-
proximately obtained in both 2d and 3d systems. The
data of Figure 14a deviate slightly from straight lines,
which causes large error bars in our slopes:

_§0.35+0.1 2d
dv-1-f= {0.42&0.1 3d

The results of eq 34 should be compared with the » and
8 of a SAW,

(34)

dro1-g= [2075-1-008=042 2d
Y 3.0.59 - 1 - 0.30 = 0.47 3d

which are within the limits of our results for eq 34.

A more direct test for the existence of a collapsed phase
isto measure inner distances along the chains and calculate
their fractal dimensions. We have performed several
measurements in this dense chain region, without any
evidence for fractal dimensions smaller than 2 (which
characterize the ideal behavior of a RW). Onthe contrary,
in most cases, a crossover between a swollen chain and an
ideal chain is observed. In Figure 15, examples of highly
concentrated solutions are presented, with a large (N),
which should characterize a dense system in both 2d and
3d systems. From the slopes of the graphs we obtain

(35)

dy(2d) = 1.6 £ 0.02 di3d) =18+ 0.02 (36)
These fractal dimensions are significantly smaller than
even those of an ideal chain and therefore certainly cannot
imply a collapsed configuration.

From all the results which we obtained from the region
below the line #* = 24, we can conclude that this region
represents a polydisperse solution in the semidilute region.
We observed a crossover to the region of a melt of chains
only for very large ¢ and small .

IV. Conclusions

Highly concentrated solutions are very difficult to
simulate because of the long relaxation time of the
entangled polymers (a slowing down effect). Our SEC
simulation method provides an uncorrelated configuration
after N2 MC moves, which is at least N times faster than
most other simulation techniques and has the same
efficiency as the slithering-snake?! and the Berretti and
Sokal® methods. However, unlike the slithering-snake
process which can be entrapped in a dead-end position,
our SEC process is ergodic. Also, SEC is an especially
efficient method for studying polymer solutions, while the

Berretti and Sokal method was not extended to study
systems other than a single SAW.

As a result of this efficiency, our method can provide
a large number of equilibrium configurations from any
unequilibrated starting configuration and allows us to
simulate a large range of concentration values. In
comparison, most other simulation techniques?? must start
from an equilibrium configuration and can measure a
limited number of configurations around the starting one.
This might not influence measurements of dynamical
properties, but can certainly influence measurements of
equilibrium properties.

Our SEC method is a stepwise elongation and contrac-
tion process, which is controlled by two fugacities: A for
a polymer link and 5 for the number of polymers in the
solution. In the region of » — 0 and A < A, we have
confirmed the swollen SAW configuration, where we
measured R ~ NV/dwith d;of a SAW in 2d and 3d systems.
Scaling measurements as functions of ¢ showed exactly
the same scaling behavior as with (N)-1, which confirmed
the correspondence ¢ <= N-1. Until now, the analogy
between a polymer system and the n — 0 vector model has
only been predicted formally, but has never been seen in
simulations or experiments. Inthisregime, we alsostudied
the effect of a finite size lattice on the configuration of the
chains. We found that the number of segments of the
polymers can be exactly controlled, using a restricted
geometry.

At X = A, the polymers grow until the point at which
they start to overlap. This is because A, is only compen-
sating for the excluded volume restriction of the polymer
itself, and not of surrounding chains. Asaresult, we found
that the threshold concentration ®;* is obtained with a
remarkable precision. The concept of ®* was used by de
Gennes in order to develop his “blob” representation for
a monodisperse polymer solution. Therefore, our results
indicate that this blob picture provides a suitable descrip-
tion of the overlap threshold concentration regime of a
polydisperse system, as well. Moreover, we observed that
®* describes a large range of concentrations, each one of
which can be viewed as a crossover regime, from the single
SAW tothe semidilute regime, where a chain isrepresented
by a sequence of blobs.

For A > X, a large range of concentrations and chain
lengths were studied. We were mainly interested in the
controversial issue of whether there exists a collapsed phase
below the line n* = €24, as was claimed by Gujrati,!31° on
the basis of the following argument. As 14 is lowered, &,
is reduced to zero, and the length of each chain should
grow in order that the total density of links will not change
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(since it does not depend on n). Gujrati claims that only
the mechanism of two chain ends aggregating can achieve
these conditions. Since the probability for this mechanism
is very low, and it is even lower if the chains are
interpenetrating, he concludes that the chains must be
separated, and as a result, they should have a collapsed
configuration. The existence of a collapsed phase, however,
is not favorable from the entropic point of view. Our SEC
process provides an alternative mechanism to that sug-
gested by Gujrati. The growth of the chains does not
require aggregation of chains and is not influenced by the
interpenetration of chains. Thus, the assumption of a
collapsed transition can be avoided.

Indeed, in our simulation we found no evidence for a
collapsed phase. Infact, our resultsfor d¢arealittle higher
than those of a swollenn SAW. In an additional search
for a collapsed chain, where we calculated inner distances
in a polymer in order to measure the fractal dimension of
the chain, we found a df of a SAW for short distances and
a d; of an ideal random walk for long distances (which
equaled 2). Again there was no evidence for a collapsed
phase.
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